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Aim and context

AIM: develop an uncertainty propagation tool and integrate it into the TRUST code.

Camilla Fiorini Uncertainty quantification for Navier—Stokes 1 /30



up

Aim and context

AIM: develop an uncertainty propagation tool and integrate it into the TRUST code.

O--

Camilla Fiorini Uncertainty quantification for Navier—Stokes 1 /30




up

Aim and context

AIM: develop an uncertainty propagation tool and integrate it into the TRUST code.

initial condition

Camilla Fiorini Uncertainty quantification for Navier—Stokes 1 /30




up

Aim and context

AIM: develop an uncertainty propagation tool and integrate it into the TRUST code.

uncertain
initial condition

Camilla Fiorini Uncertainty quantification for Navier—Stokes 1 /30




up

Aim and context

AIM: develop an uncertainty propagation tool and integrate it into the TRUST code.

uncertain
initial condition

Camilla Fiorini Uncertainty quantification for Navier—Stokes 1 /30




up

Aim and context

AIM: develop an uncertainty propagation tool and integrate it into the TRUST code.

uncertain
initial condition

Ideal properties:

Camilla Fiorini Uncertainty quantification for Navier—Stokes 1 /30




up

Aim and context

AIM: develop an uncertainty propagation tool and integrate it into the TRUST code.

uncertain
initial condition

Ideal properties:

» computationally affordable

» requires minimal code development

Camilla Fiorini Uncertainty quantification for Navier—Stokes

1 /30



up

Aim and context

AIM: develop an uncertainty propagation tool and integrate it into the TRUST code.

uncertain
initial condition

Ideal properties: Sensitivity Equation Method

» computationally affordable

» requires minimal code development

Camilla Fiorini Uncertainty quantification for Navier—Stokes

1 /30



up

Aim and context

AIM: develop an uncertainty propagation tool and integrate it into the TRUST code.

uncertain
initial condition

>

0 t

Ideal properties: Sensitivity Equation Method
» computationally affordable v

» requires minimal code development

Camilla Fiorini Uncertainty quantification for Navier—Stokes

1 /30



up

Aim and context

AIM: develop an uncertainty propagation tool and integrate it into the TRUST code.

uncertain
initial condition

>

0 t

Ideal properties: Sensitivity Equation Method
» computationally affordable v
» requires minimal code development v IiX

Camilla Fiorini Uncertainty quantification for Navier—Stokes

1 /30



up

Sensitivity Analysis

Sensitivity analysis (SA) : study of how changes in the inputs of a model affect the
outputs

input . Sensitivity :
parameters Jdu -
oa “

a u
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S State and sensitivity equations

The Navier—Stokes equations :

(du—vAu+ (u-Vu+Vp=Ff Q,t>0,
V-u=0 (,t >0,
u(x,0) =0 O,t =0,

| u=—g(y)n on [,
u=20 on 'y,

(»Vu—-pl)n=0 on I'yy:.
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2

State stability

Proposition 1 Let R, be a sufficiently smooth stationary' function such that
V-R,=0inQ, Ry,=uonlyy, ul'y, and VR |, =0. Then, ifu-n| >0
on I'yyr and f is stationary the following stability estimate holds:

lull® < [Ry[* + [E@)]*t + K (Ry, £)e* Vol (1)

where f = f + VAR, — (R, - V)R, and the norm || - || is defined as follows:

T

all? == Ju(T)[? + 2v f IVu(t)|2dt.

"If the boundary conditions depend on time, R, cannot be taken stationary.
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Sensitivity stability

Proposition 2 Let R,, be a sufficiently smooth stationary function such that
V-R;,,=0inQ, Ry, =u, on';, ul'y, and VR, n|r,,, =0. Ifu-n| >0 on
'yt and if

1k = k(u, Q) >0 : < klug?,

[ 0 ¥y,

then the following stability estimate holds:
uall? < Ry, [ + [fa]*t + C(Ry,, fa, 5)e*,

where £, = f, + vAR,, — (R,, - V)R, .
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“Morally” it is |V o
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up

Spatial discretisation

The code TRUST TrioCFD is based on a finite elements volumes method (FEV).

Ingredients:

T triangulation of the domain
K, eT, triangles j =1,..., Nt
x; hodes 1 =1,..., Ny

w,; control volume

Spaces:

Qn =1qn : VK € Th, qn|x € Po(K)},
Vi, = {wy, continuous in x; : VK € Ty, wy|k € P1(K)},

Vi = {wy = (wx,wy)t LWy, Wy € Vit

Basis functions :  ©i(x;) = d; ; for Vi
XK for Qn

Remark : V,, & H'(Q)
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S Spatial discretisation JIL

We integrate the mass equation and its sensitivity over the triangles and the momentum
equation and its sensitivity over the control volumes :

J uh-nz—f up - 1n VKjE’ﬁL,
8Kj\FD 5ijFD

_ f (quh — ph[)n + f (uh X uh)n — J f Vw;,
&u,,,\I‘N awi

Wi

J ua,h-nz—f Ug p 1 VKJ'E'EL,
(9Kj\I‘D 5KjﬁFD

— J (vVugn — panl)n + J (Ugn ®@up +up, Uy p)n = J f, Vw;.
&ui\FN ow;

Wi

Using the basis functions of the spaces previously introduced one has :

w0 = Y wbe)e).  pn0 = 3 pul v,
() = D0 (6)p 0. pun() = 3 pun (K,
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Spatial discretisation

Camilla Fiorini

;N = —Zuah(xz)-f YN VK; €T,
'LED 8ijI‘D
Nt

Uncertainty quantification for Navier—Stokes

8 /30



up

Spatial discretisation

Camilla Fiorini Uncertainty quantification for Navier—Stokes 8 /30




up

Spatial discretisation

Camilla Fiorini Uncertainty quantification for Navier—Stokes 9 /30




up

Camilla Fiorini

Spatial discretisation

AU+ B'P+ L(U)U=F

BU =D
AU, + B'P, + L(U,)U + L(U)U, = F,
BU, =D,

Uncertainty quantification for Navier—Stokes 9 /30



up

Camilla Fiorini

Spatial discretisation

AU+ B'P+ L(U)U=F

BU =D
AU, + B'P, + L(U,)U + L(U)U, = F,
BU, =D,

Uncertainty quantification for Navier—Stokes 9 /30



up

Camilla Fiorini

Spatial discretisation

AU+ B*P+ L(U)U=F

BU =D
AU, + B'P, + L(U,)U + L(U)U, = F,
BU, =D,

Uncertainty quantification for Navier—Stokes 9 /30



up

Camilla Fiorini

Spatial discretisation

AU+ B*P+ L(U)U =F

BU =D
AU, + B'P, + L(U,)U + L(U)U, = F,
BU, =D,

Uncertainty quantification for Navier—Stokes 9 /30



up

Camilla Fiorini

Spatial discretisation

AU+ B*P+ L(U)U =F

BU =D
AU, + B'P, +[E(Ua)U + L(U)Uy = F,
BU, = D,

Uncertainty quantification for Navier—Stokes 9 /30



up

Time discretisation

A number of different time schemes are implemented in the code TRUST TrioCFD:

» Forward Euler
» Runge Kutta

e 2nd, 3rd and 4th order
» Semi-implicit Euler

e implicit diffusion

e explicit convection
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Time discretisation

We use forward Euler :

At

{]\4U”‘HU7L — _AU"™ — L(Un)Un L BtPn—I—l 4
BUn—l—l — 0
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Time discretisation
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Camilla Fiorini

U™t = U* — AtM~'B%P

prtl = P"4+4P
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Time discretisation

We use forward Euler :

MU”"Zt—Un — _AU"™ — L(Un)Un o BtPn—I—l + F™
BUn—l—l _ O
U* — Un
M—F— = ~AU" — L(UMU" — B'P™ + F"
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The same procedure is used for the sensitivity equations.
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.data file

Pb Hydraulique pb_etat
Pb Hydraulique sensibility pb_sensibilite

Probleme Couple pbc
Associlate pbc pb_etat
Associate pbc pb_sensibilite

Read pb_sensibilite
{

Navier Stokes standard sensibility

{

uncertain_variable { vitesse }
state { pb_champ_evaluateur pb_etat vitesse }
convection { Sensibility { amont } }

boundary_conditions

{

inlet frontiere ouverte vitesse imposee Champ_ Front fonc xyz 2 Y*¥(0.7-Y)/0.35 0.
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Validation of the CSE method

Test case description

Domain :

9(y) =

Camilla Fiorini

Fout

Ftop
Ijbottom,
4A .
€—2y(€ — ) Uncertain parameter a = A

Uncertainty quantification for Navier—Stokes

E.gY
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Validation of the CSE method

Results

err(u) = u(x, T;a + da) — u(z, T;a) — daug(z,T;a) ~ O(da®)

t\ : [T T { I I I 11 {
sl 11070 o= flerr(un)l|z~
g . —o— ||err(vy)|| L
i ) -4 L1 O(da?) B
1074 3 5 §
B i 5 B
* 1 1a-6l .
10—6 = E 10 g E
10-7 10-7F .7 :
L0 | ] 0 L1 n
10~2 10~1 10~2 101
da da
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err(u) = u(x, T;a + da) — u(z, T;a) — daug(z,T;a) ~ O(da®)

Validation of the CSE method

Results

—o— |lerr(up)|| Lo
—o— ||err(vy)|| L

O(6a?)

s % 103 m
- 104 |
10— 10
10~7 107} .

Camilla Fiorini
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Validation of the CSE method

Results

err(u) = u(x, T;a + da) — u(z, T;a) — daug(z,T;a) ~ O(da®)

B B T T \ \ I N R

103 ) | 1072 || —o— |lerr(up) || Lo E
g . - | —o— ||err(vy)|| L .

) . | 1o-4 L1 O(da?) )
107 ¢ E - i
10-5 107> E
10~ 1070 ¢ | E
i | :

i | 7 ; P I ;

L ] 0 IR n

102 4 107!
da
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Uncertainty quantification

Let a be a gaussian random vector, with the following average and variance:

- o5, cov(ai,as) ... cov(ar,apy)
Ha, 2
| cov(ai, as) o;, ... cov(ag,apnr)
Ha = y Oa = . )
Han_ cov(a 2
i 1, CLM) ... O-CLM |
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Uncertainty quantification

Let a be a gaussian random vector, with the following average and variance:

_ o5, cov(ai,as) ... cov(ai,ap)]
'uf‘l cov(ai, as) o, ... cov(az,ap)
Ha = y Oa = . )
| Hany _ 2
cov(ar,an) . Tapy

Clx = [ux —d(ox), ux + d(ox)]
P(XGCIx) > 1 —«

Aim: determine a confidence interval
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Uncertainty quantification

Let a be a gaussian random vector, with the following average and variance:

_ o5, cov(ai,as) ... cov(ai,ap)]
'uf” cov(ai, as) 032 ... cov(ag,apnr)
Ha = . ; Oa = : . : ;
Hans cov(a :
i 1, CLM) cce O-CLM _

Clx = [ux —d(ox), ux + d(ox)]
P(XECIx) > 1 —«

Aim: determine a confidence interval

Monte Carlo approach: N samples of the stateX,,
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S Uncertainty quantification

Sensitivity approach: let us Consider the following first order Taylor expansion

X (a) = X () + 2 ~ 0 X, (1a) + 02— pal®)
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S Uncertainty quantification

Sensitivity approach: let us Consider the following first order Taylor expansion
X(a) = X(pa) + 2 — 1a) Xa, (tta) + o(la — pra]?)

Then, computing, the average one has:
M

px = FlX(a)] = X(ua) + ZXai (pa)Ela; — pa;] = X (ta),

1=1
.
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S Uncertainty quantification

Sensitivity approach: let us Consider the following first order Taylor expansion
X(a) = X(pa) + 2 — 1a) Xa, (tta) + o(la — pra]?)

Then, computing, the average one has:
M

px = FlX(a)] = X(ua) + ZXai (pa)Ela; — pa;] = X (ta),

And for the variance:

ox = E[(X(a) — ux)’] = E (Z Xa,(pa)(a; — /M))

Z 2 (1a)El(a; — pa,)?] + Z Xa, (pta)Xa, (=) El(ai — pta,)(aj — pra,)]-

1,7=1
V7]
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S Uncertainty quantification

Sensitivity approach: let us Consider the following first order Taylor expansion

X(a) = X(pa) + 2 — jta,) Xa, (4a) + 0|2 — pra?)
Then, computing, the average one has:
M
X = E[X(a)] — X(Na) T Z Xa; (Na)E[ai - /lai] — X(Na)a
1=1

And for the variance:

ox = E[(X(a) — ux)’] = E (Z Xa,(pa)(a; — m))

Z a; ,LLa E[ Mai)z] T Z Xai (:ua)Xaj (:ua)E[(ai _ :uai)(aj o /’Laj)]'
7

Therefore, we have the following first order estimateS'
nx = X(la), 0% = ZXaz o, + Z Xa,Xq,cov(as, aj).

1,7=1
]

Camilla Fiorini Uncertainty quantification for Navier—Stokes 16 /30



up

Uncertainty quantification

Monte Carlo approach: SA approach :

Provides information on the

distribution of the output Reasonable computational

=] cost (depending on the
| number of parameters)

Smaller confidence
intervals

No insight on the

| distribution of the output
Computational cost

= \/alid for small variation of
the input

Camilla Fiorini Uncertainty quantification for Navier—Stokes 17 /30




up

Uncertainty quantification

How to compute a confidence interval for an unknown distribution?
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Chebyshev's inequality:  P(|X —ux| > \) < 2X WA= 0

Which implies:  P(X € (ux — A, px +A) = 1 — o

2
Now, by asking for1 — i—"; = 1— «a one obtains A =

B
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2

Uncertainty quantification

How to compute a confidence interval for an unknown distribution?

Chebyshev's inequality:  P(|X —ux| > \) < 2X WA= 0

Which implies:  P(X € (ux — A, px +A) = 1 — o

2
Now, by asking for1 — i—"; — 1— o one obtains \ = 22X

Ja

Remark: if the variable X was gaussian, to obtain a 95% confidence interval the half
amplitude should be 1.960 x, whilst with this method we obtain 4.470 .
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Steady test case

Domain :
YA
Fto
e 1 P
2—d
I‘obst 2
an D id Fout
2—d
2
E=
Fbottom
R P

Fw — Fobst U Ftop U Ijbottom
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Steady test case

i uncertain
Domain : parameter
g(y) — £y<€ _ y) 104 Pdf of random variable A
/2 ‘ ‘ ‘ ‘ |
YA
e 1 Ftop 4t |
£—d
I‘obst 2 3 il
F " D id I‘out
L34 ol |
0__
Fbottom Ll 7
0 o +—,
0l B
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Steady test case

Steady case : x-component of the velocity and its sensitivity

y axis
0.6
0.5 03
State 22 .: 0.225
0.0 0.15
0.1 0.075
. 0
0.5 1 1.5 X axis
-— 1.252
Sensitivity - 0.8986
0.5448
0.191
-0.1629
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Steady test case

Steady case : pressure and its sensitivity

y axis
0.6
0o 0.027
State 2; - 0.2025
0 0.135
0.1 0.00675
| 0
0.5 1 1.5 X axis
y axis |,
0.6 —
05
0.4 — .‘ 0.16
Sensitivity 0.3 - 0.11
0.2 3 0.06
0.1 - 0.01
| 0.04

0.5 1 1.5 X axis
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Steady test case JiL

Confidence interval for u, L0-2 Confidence interval for u, _Confidence interval for the pressure
T T T 2 - 0 T T = . T \
— SA
— MC
7 - ]
0.2
6 - ]
0.1}
5 - |
0 -
| | | | |
0 0 0.2 0.4 0.6
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Steady test case

Confidence interval for u, Lo- Confidence interval for u, _Confidence interval for the pressure
\ \ \ 2 - 0 \ T = . \ \
— SA
— MC
- a Tr :
0.2| . L
0 - 6l ]
0.1} i
1 -
5 - |
0 - |
| | | | _2 - | | | | — | | | |
0 0.2 0.4 0.6 0 0.2 0.4 0.6 0 0.2 0.4 0.6
Y Y
Confidence interval for u, ) Confidence interval for u, .10—20 onfidence interval for the pressure
10~
‘ ‘ ‘ : : I I I I — SA
9| - — MC
0.3 : 21 i
0 - |
—92| -
0.25 - :
1 - .
—4| -
0.2} = —6 |
0 - .
\ \ \ | | -8 \ \ \ ] ‘ ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0-5 1 15 2
T T v
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Unsteady test case
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Numerical results

State in x = (1,0.35)

Sensitivity in x = (1, 0.35)

State in x = (1,0.2)

Sensitivity in x = (1,0.2)

20 I I I I I I —ui

5 —
10

0 0
—10
-5 |
—20
1 2 3 1 2 3
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Filtering procedure

It is reasonable to assume that the velocity behaves as follows:

N

u(x,tja) =~ Y ugk(x;a) cos(wy(a)t).
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It is reasonable to assume that the velocity behaves as follows:

N
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By differentiating this with respect to the parameter of interest, one obtains the following
behaviour for the sensitivity:
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It is reasonable to assume that the velocity behaves as follows:

N

u(x,tja) =~ Y ugk(x;a) cos(wy(a)t).

By differentiating this with respect to the parameter of interest, one obtains the following
behaviour for the sensitivity:

N

u,(x,t;a) = Z U o k(X;a) cos(wg(a)t) —
k=0

Bounded Unbounded
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Filtering procedure

It is reasonable to assume that the velocity behaves as follows:
N

u(x,tja) =~ Y ugk(x;a) cos(wy(a)t).

By differentiating this with respect to the parameter of interest, one obtains the following
behaviour for the sensitivity:

N N
U, (x,t;a) = Z U o k(X @) cos(wg(a)t) —t Z ug  (X; a)wy (@) sin(wg (a)t)
k=0 k=0
amplitude frequency
sensitivity sensitivity

We propose a filter to recover the first part of the sensitivity.
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S Filtering procedure

We propose a filter to recover the bounded part of the sensitivity

N
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We propose a filter to recover the bounded part of the sensitivity

—t Z ug x(X; a)wy (a) sin(wg(a)t)
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S Filtering procedure

We propose a filter to recover the bounded part of the sensitivity

—t Y g (x; a)wy,(a) sin(wy(a)t)
k=0

One can identify the period T of the state using the Fourier transform, and therefore Vt the
following equality holds:

t t
o (X, 8; h(x, s;
[ mbosaly [ Bossa), g,
t—T S t—T S
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We propose a filter to recover the bounded part of the sensitivity

—t Y g (x; a)wy,(a) sin(wy(a)t)
k=0

One can identify the period T of the state using the Fourier transform, and therefore Vt the
following equality holds:

t t
a(X, S; h(x, s;
[ mbsso, [ heosa, g,
t—T S t—T S

The left-hand side can be computed numerically. Finite differences can be used to
numerically compute the following derivative:

dZ h(x,t;a) h(x,t;a)

dt / T — ¢
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Filtering procedure

We propose a filter to recover the bounded part of the sensitivity

—t Y g (x; a)wy,(a) sin(wy(a)t)
k=0

One can identify the period T of the state using the Fourier transform, and therefore Vt the
following equality holds:

f ua(x,s;a)dszf h(x,5:9) b _. 78

_T S _T S

The left-hand side can be computed numerically. Finite differences can be used to
numerically compute the following derivative:

dZ h(x,t;a) h(x,t;a)

dt t T—t
Finally, one has:
t(T —t)dL
h(x,t;a) =
(X7 7a) T dt
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S Filtering procedure

We verify the filter on an analytical case

h(x, t;a h(x,t;a
3 xta) . 3 . UL
2 L
1t
O L
oL ' - 17 /
—— Analytical —— Analytical
—— Numerical —— Numerical
_3 | 1 | | | _2 | |
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t t
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Filtering procedure

u¥f in x = (1,0.35) u?f in x = (0.6,0.35) u? in x = (1,0.2)
10 \ | | ] | | |
—— Unfiltered
—— Filtered W
0.5}
5 7 7 A
O |
| ) AN
—0.5 | M
| U

_10 | | | | | | \

u? in x = (1,0.35) u¥ in x = (1,0.2)
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Confidence intervals with filtered sensitivities

JIL

Confidence interval for 4* in x = (1,0.35)

0.65

0.6

0.55

0.5

0.45

| |
04 06 038 1
t

Confidence interval for u¥ in x = (1,0.35)

0.4 ‘
0 0.2

0 0.2

| |
04 06 O
t
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| —0.16

| —0.17

Confidence interval for 4* in x = (0.6,0.35)

—0.14

—0.15

—0.18

—0.19

0 0.2

| |
04 06 0.8 1
t

Confidence interval for u¥ in x = (0.6,0.35)
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0.2

0.1

—-0.1

Confidence interval for v* in x = (1,0.2)
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| |
04 06 0.8 1

0.2
t

Confidence interval for ¥ in x = (1,0.2)

0

| |
04 0.6 0.8 1
t

0.2
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up

Conclusion and perspectives

Conclusion:

» We implemented an efficient UQ tool
» The comparison to Monte Carlo in the steady case validates the approach

» A filtering procedure for the unsteady case is necessary

Perspectives:

» Extension to 3D

» Coupling with a temperature equation
» Turbulence models

» More realistic simulations

» Accounting for the variance in frequency
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S Lift function il

We build a vector field Ry (z,y) = (R (z,y), R} (=, y))* which is solenoidal, smooth enough
and equal to u on the Dirichlet boundary.
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S Lift function

We build a vector field Ry (z,y) = (R (z,y), R} (=, y))* which is solenoidal, smooth enough
and equal to u on the Dirichlet boundary.

To do this, we need two functions, gr(y) and H(z), with the following properties:

gr(0) = gF(Z)EZ % o
— +
gF(y)—OVyE[ 9 ) 9 ]7
gr € 00[076]7 aygF € LOO[O7€]

fﬁ gr(y)dy = rg(y)dy-

0 0
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S Lift function

We build a vector field Ry (z,y) = (R (z,y), R} (=, y))* which is solenoidal, smooth enough
and equal to u on the Dirichlet boundary.

To do this, we need two functions, gr(y) and H(z), with the following properties:

gr(0) = gr(¢) =0

(—d ¢+d H(0) =1
=0 Vy € : : ’
9r () Y [ 2 72 ] H(z) =0 Va € [zp, L],
gr € C°[0,¢], 0,9r € L*[0,/] H'(0) = H'(xp) =0
/ ¢ 2
HeC?l0, L
f 9r(y)dy =J 9(y)dy. 0.1
0 0
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S Lift function

We build a vector field Ry (z,y) = (R (z,y), R} (=, y))* which is solenoidal, smooth enough
and equal to u on the Dirichlet boundary.

To do this, we need two functions, gr(y) and H(z), with the following properties:

gr(0) = gr(¢) =0

(—d ¢+d H(0) =1
=0 Vy € : : ’
9r () Y [ 2 2 ] H(x) =0Vx e |zp, L],
gr € C°[0,¢], 0,9r € L*[0,/] H'(0) = H'(xp) =0
¢ ¢ 2
HeC?l0, L
f gr (y)dy =J 9(y)dy. 0,5
0 0

Then, the following vector field has all the required properties:

Ry (z,y) = g(y)H(z)+9r(v) 1-H(z))  Ri(x,y) = —H'(2)(G(y)-GFr(y))

Camilla Fiorini Uncertainty quantification for Navier—Stokes



Lift function
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